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Abstract 

Explicit conditions are presented for the existence, uniqueness and ergodicity of 
the strong solution to a class of generalized stochastic porous media equations. Our 
estimate of the convergence rate is sharp according to the known optimal decay for 
the solution of the classical (deterministic) porous medium equation. 
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1 Main Results 

Let be a separable probability space and {L,^{L)) a negative definite self- 

adjoint linear operator on L^(m) having discrete spectrum with eigenvalues 

0 > —Ai > —A2 >■■■—*■ —00 
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and L^(m)-normalized eigenfunctions {cj} such that G for any i > 1, where 

r > 1 is a fixed number throughout this paper. We assume that L~^ is bounded in 
2 ^r-+i(m)^ which is e.g. the case if L is a Dirichlet operator (cf. e.g. since in this case 
the interpolation theorem or simply Jensen’s inequality implies ||e*^||r.+i < for 

all t > 0. A classical example of L is the Laplacian operator on a smooth bounded domain 
in a complete Riemannian manifold with Dirichlet boundary conditions. 

In this paper we consider the following stochastic differential equation: 


( 1 . 1 ) 


dw = + $(W))dt + QdWt, 


where and $ are (non-linear) continuous functions on M, and Q is a densely defined 
linear operator on L^(m) with Qci ;= (* — 1) ^^ch that qf := satisfies 


2=1 


< (X). 


An appropriate Hilbert space H as state space for the solutions to (inD is given as follows. 
Let 

C50 

:= |/ G L^(m) ; ^Aim(/ei)^ < ooj. 

2=1 

Dehne H to be its topological dual with inner product {, )h- Identifying L^(m) with its 
dual we get the continuous and dense embeddings 

C L^(m) C H. 


We denote the duality between H and hj {, ). Obviously, when restricted to L^(m) x 
this coincides with the natural inner product in L^(m), which we therefore also denote 
by {, ), and it is also clear that 


{f,9)H = '^\\f,ei){g,ei), f,geH. 

Furthermore, in (inD Wt = (&t)iGN is a cylindrical Brownian motion on L^(m) where 
{6)} are independent one-dimensional Brownian motions on a complete probability space 
(D, P). Let be the natural hltration of HJ. Then 

OO OO 

f>0, 

i=l j=l 

is a well-dehned process taking values in H which is a martingale. 

Recall that the classical porous medium equation reads 


dw = xx^dt 
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on a domain in see e.g. P and the references therein. So, we may call (dD the 
generalized stochastic porous medium equation. Recently, the existence and uniqueness of 
weak solutions as well as the existence of invariant probability measures for the stochastic 
porous medium equation, i.e. (HH) with L ;= A on a bounded domain in with Dirichlet 
boundary conditions, were proved in 0 El mol- In this paper we aim to prove the existence 
and uniqueness of strong solutions of (HD), in particular, describe the convergence rate of 
the solution, for t —>■ oo. 

To solve (CH), we assume that there exist some constants c > 0, a G M such that 

. . id^(s)i + i«h(.)i<c(i + |sr), 

(s — t)(\I'(s) — d'(t)) > ri\s — + a{s — t)^, s, t G M. 


Since by the Cauchy-Schwarz inequality one has 


2^- 


^1 


1 ) 


r+1 


2 < 


(r + 1)' 


■(|s|("+^)/2sgn(s) - |t|('-+^)/2sgn(t))' 


) < (s — t) 


\u\ 


11—1 


du, 


(jl.2|l holds if tk(0) =0 and there exists k > 0 such that (cf. jl]) 


a 


(r + 1)' 


+isr ^ ^ A + kr ^)i ^ ^ 


Next, assume that there exist 9 < rj and 6 < a such that 

(1.3) -m((<h(a:) - d>{y))L-\x - y)) < e\\x - y\\lX\ + - y\\l, x,y G T'’+^(m), 

where here and in the sequel, || ■ ||p denotes the L^-norm with respect to m for any 
p > 1. We note that since L~^ is bounded on L'’+^(m) and r > 1, if there exist constants 
Cl, C 2 >0 such that 


|<h(s) — <h(t)| < ci|s — t|'’ + C 2 |s — f|, s, t G M, 

then 


-m((<h(x) - <h(|/))L ^(x - p)) < ci||L ^||^+i||a:-2/||(:+} + C2Ai^||a;-2/||2, 
hence p.3j) holds for 9 := Ci||L“^||r+i and 5 := 02 X 1 ^. 

Definition 1.1. Let z/(df) := e“Mt. An iL-valued continuous (.^t)-adapted process A* is 
called a solution to (jl.l|l . if A G L'’'''^(M+ x Q x E] u x P x m) such that 

(1.4) (At, Cj) = (Ao, Cj) + /" m[df{Xs)Lei + ^{Xs)ei)ds + qiBl, i>l,t>0, 

Jo 

where Bl := A YlJLi QijH (•= 0 if g* = 0) is an (^t)-Brownian motion on M (provided it 
is non-trivial). 
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Remark 1.1. (i) We note that (Q indeed makes sense, since by the hrst inequality in 

da we have 

^(W), $(X) G xVtx E,px P xm). 


(ii) We emphasize that for each solution of (Q there also exists a vector-valued version 
of the equation. More precisely, the integral comes from an i/-valued random vector 
with a natural integrand which, however, takes values in a larger Banach space B'. 
To describe this in detail, we need some preparations. 

Consider the separable Banach space B := L^+^(m). Then we can obtain a presenta¬ 
tion of its dual space B' through the embeddings 

M G H = H' (ZM’, 


where H is identihed with its dual through the Riesz-isomorphism. In other words B' is 
just the completion of H with respect to the norm 


II/IIb':= sup / e Tf. 

Since H is separable, so is B'. We note that this is different from the usual representation 
of B = through the embedding 

B C L^(m) = L^(m)', 

which, of course, gives dual. But it is easy to identify the isomorphism 

between Below b'( , )b denotes the duality between B and B'. Clearly, 

B'( , )b = (, )h on B X 

Proposition 1.1. The linear operator 

OO 

Lf - Xi m{fei)ei, f E T^(m), 

i=l 

defines an isometry from {m) to B' with dense domain. Its (unique) continuous 

extension L to all of is an isometric isomorphism from LC+i)A(^iYij onto B' 

such that 

(1.5) w{-Lf,g)n = m{fg) for all f E g E 

Proof. Let / E L^(m), N > n > 1. Then 


N 


^ Aim(/ei)f 


= sup 

Il9l|r+l<l 

N 


m 


N 




(r+l)/r 
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Since / = with the series converging in L^(m), hence in (m) (because 

r > 1), the first part of the assertion follows, and L is an isometry from Lh+^)/^(m) into 
B'. Now let T G B'. Then there exists / G (m) such that for all g G 

M'{T,g)M = m{fg) 

= lim m{fng) 

71^00 

for some /„ G D{L) such that lim /„ = / in Hence for all g G L'’+^(m) 

n^oo 

B'{T,g)B = lim m{fn L{L~^g)) 

n—^■oo 

(1.7) = lim m(L/„ L"^^) 

^ ' n—>oo 

= lim (-L/„,5 ()h =-B'(.h/,5()B 

n—^oc 

and the second assertion is proved. Since any / G defines a T G B', the last 

assertion follows from p.f)|l and (jl.7|l . □ 

Since L~^ is bounded on L'’+^(m) by our assumptions on L (which was not used so 
far), we obtain the following consequence. 

Corollary 1.2. Let {L~^y : be the dual operator of L~^ : 

2^r-+i(m) 1,^+1 (m). Then the operator 

J:Lo {L-^y : L(''+^)/^(m) B' 

extends the natural inclusion L^(m) C 77 C B' and for all f G 

(1.8) w{Jf,g)E = -m{f L-^g) for all g e 

Proof. If / G L^(m), then (L“^)'/ = L~^f, hence Jf = f G L^(m) C 77 C B'. The last 
assertion follows by (II. 5j) . □ 

Multiplied by A-\ (Q by the above now reads 


— w{XQ,ei)u + / B'(-hT(Xs) + J$(Xs), ej)g ds + B'(QhF, ej)i 


By Remark ll.il Proposition 11.11 and Corollary 11.21 the Bochner integrals 


(LT(X,) + J<I>(X,)) ds. 


t > 0, 


exist in B'. So, (Q can always be rewritten equivalently in vector form as an equation 
in B' as 


(1.9) 


Xi = Xo + / (IT(X,) + J$(X,)) d5 + QWt, t > 0. 
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Note that by Definition II.IL Xt & H and also QWt G hence the integral in (ll.9|l is 
necessarily a continuous hT-valued process. 

Now we can state our main results. 

Theorem 1.3. Assume (HI) and (II3) with a > 5 and rj > 9. We have: 

(1) For any AS(H)-measurable ^ : Q ^ H with IE||.^|||^ < cxo there exists a unique 

solution X to m such that Xq = Furthermore, there exists C > 0 such that 

(1.10) E||Xt||^ < C(1+ t>0. 

In particular, for any x ^ H there exists a unique solution Xt{x) to jni) with initial 
value X, whose distributions form a continuous strong Markov process on H. 

(2) For any two solutions X and Y of 41.11) we have for all t > s > 0 

^ ||A', - Y,f„ < {||A', - F.li;,-’' + (>• - !)(>; - oFX'ht - 

< ||A. - Fill, A {(r - l)h - - s)}-"''*’’-". 

Consequently, setting PtF{x) := KF{Xt{x)) forF : H ^ M., Borel measurable, so that 
the expectation makes sense, we have that {Pt)t>o is a Feller semigroup on Cb{H) and, 
in addition, for Lipschitz continuous F 

(1.12) \PtF{x)-PtF{y)\<^{F)\\x-y\\H, x,y e H, 
where FC{F) is the Lipschitz constant of F. 

(3) Pt has a unique invariant probability measure /i and for some constant C > 0, 
satisfies 

(1.13) sup \PtF{x) - fi{F)\ < CFe{F)t-^l^’^-^\ t > 0, 

xeH 

for any Lipschitz continuous function F on H. Moreover, /i(|| ■ H^+i) < oo. 

(4) If a > 6 then for any two solutions X and Y of 41.11) we have for all t > s > 0 

(1.14) - YtWn < ||X, - 
and there exists C > 0 such that 

(1.15) \\Xt-Yt\\H<Ce-^^-^^\ t>l. 

Consequently, for some constant C > 0, 

(1.16) sup \PtF{x) - /i(F)| < C^{F)e-^‘^-^^\ t > 1, 

xeH 

for any Lipschitz continuous function F on H. 
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Remark 1.2. (1) When Q = 0, the Dirac measure 5o is the unique invariant measure. 
Thus, p.lH|l with F{x) := ||x||iif implies 

sup \\Xt{x)\\H < t>0. 

X 

This coincides with the optimal decay of the solution to the classical porous medium 
equation obtained by Aronson and Peletier (see [3 Theorem 2]). 

(2) In the case where $ = 0 and T(r) = ar + r™' for a > 0 and m > 3 odd, and 
L := A on a regular domain in W^, in [3] and [S] much stronger integrability results 
for the invariant measure have been proved, namely, if either m = 3 or a > 0 then 
p(| V(signx |x|")| ) < cxD for any n > 1. 

(3) In the case where L := A on a bounded smooth domain in the existence of an 

invariant measure fi was proved in under the conditions that < \l/'(s) < 

and |<h(s)| < C+(5|s|''for some constants C, Kq; > 0 , 5 G ( 0 ,4KoAi(r+l)“^ 

and all s G M. Also in |1] stronger integrability properties for /i have been proved, 
namely that /i(| V(signa: |x|^)| ) < cx) for all £ G [(r + l)/2,r]. 

Finally, we note that in this paper the coefficient in front of the noise is constant (i.e. 
so-called additive noise). Under the usual Lipschitz assumptions, however, properly re¬ 
formulated versions of our results also hold for non-constant diffusion coefficients. Details 
on this will be contained in a forthcoming paper. 

2 Some preliminaries 

We shall make use of a hnite-dimensional approximation argument to construct the so¬ 
lution of (jl.l|l . For any n > 1, let := , ■ ■ ■ solve the following SDE on M"-; 

n n 

(2-1) drj”^ = qidB\ - ^ ^ rjjefcjjdf 

k=l k=l 

with = (Aq, Cj), 1 < i < n, where Xq : D —> if is a hxed e^o/'^(-f^)"nieasurable map 
such that E||Ao|||^ < cxd. Here and below for a topological space S we denote its Borel 
(T-algebra by RS{S). By jSl Theorem 1.2] there exists a unique solution to (12.Ij) for all 
t > 0. 

Lemma 2.1. Under the assumptions of Theorem, \1JA there exists a constant C > Q 
independent of n and Xq such that X^"'^ := satisfies 

(2.2) e[ m(|Ai")r+')dt<U(||Ao||^ + T), T > 0, 

Jo 
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and 


(2.3) t>0. 

Proof. By fll .2jl we have 

(2.4) s'^{s) > s'^{0) + r]\sf~^^ + as"^, s,tGM, 
and by we have 

—m($(a:) L~^x) < —<h(0) in{L~^x) + 6*||a;||(;|j; + 5||x||2, x G 
Hence for all x G spanjcj : i G N} 

— m(4/(a:) x) — m($(a:) L~^x) 

< (|>P(0)| + |>I>(0)| Ar')||a:|b - - 9)||i||;:l - (<T - 9)||i||^. 

Combining this with m and using Ito’s formula, we obtain 

(2.5) id||v'”'||l, < dM,'"’ + I* - |m(|X<">r+')* 

for some local martingale and constants Ci,C 2 > 0 independent of n. This implies 
(j2.2jl . Moreover, since m(|JY')'"'^|^+^) > it follows from (j2.5jl that 

(2.6) E||X;”>||1, - E||A'<")||5, < ci(« - s) - C2 /''(E||A<">||5,)'^‘ dt., 0 < s < «. 

To prove (El, let h solve the equation 

(2.7) h'(f) =-C2h(f)('-+^)/2^ci, f>0, h(0) = E||Xo||^ + (4ci/c2)2/(’'+'). 

Then it is easy to see that (El implies 

(2.8) E||xf^||^ < h(t), f>0. 

Let (ft '■= h{t) — and 


r := inf{f > 0 : 0^ < 0}. 

Suppose r < oo, then by continuity 0r < 0 and by the mean-value theorem and (El, 
El we obtain 

> 0o-C2^ > (4 ci/c2)^/('’+^^-c^ (pudu, 0 < f < r, 
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where c := maxtg[o,T] By Gronwall’s lemma we arrive at 

(j>T > (4ci/c2)^/^^’'"^^e“'^’' > 0. This contradiction proves (EHD- 
To estimate /i(t), let 

r := inf{t > 0 : < 2 ci/c 2 }. 

Since > 4ci/c2 > 2ci/c2, r > to for some to > 0 independent of n. Indeed, we 

may dehne to as r above with h replaced by the solution to (EH) with initial condition 
h(0) := (4 ci/c 2)^/(^+^). By (EII|) we have 

h'(t) < -^h(t)(’'+^)/^ 0 < t < r. 

Therefore, for some constant c > 0 independent of n, 

(2.9) h(t) < ct-2/(’'-i), 0<t<r. 

Clearly, h'{t) < 0 for all t > 0, since by an elementary consideration we have h > 
(ci/c 2 )^/^^’''^\ consequently 

h{t) < h{T) < t > T. 

Therefore, ()2.3|) holds. □ 

According to (|22D in Lemma 12.11 is bounded in L^+^(M+ x Q x E] u x P x m), 
where i/(dt) := e“Mt. Thus, there exists a subsequence n*, —> cx) and a process X such 
that —> X weakly in xVtx E]v X P X m). To prove that this limit provides 

a solution of (ED, we shall make use of Theorem 3.2 in Chapter 1 of ng. We state this 
result in detail for the reader’s convenience specialized to our situation. 

Theorem 2.2. (ina Theorem 1.3.2]) Consider three maps v : M+ x C — >■ B, h : 
M+ X C —> B', h : M+ x Vt ^ H such that 

(i) V is ® ^/^(M)-measurable and Vt := v{t, •) is t^t/ti^^)-^^asurable for all 

t > 0. 


(a) V is -measurable and Vt ■= v{t, ■) is ^t/^(^')-mGO,surable. More- 

over, Jg llhtlli' dt < oo P-a.s. for all T > 0. 

(Hi) h is an H-valued {^t)-<^dapted continuous local semi-martingale. 

Set ^ 

lit := / Vsds + ht. 

Jo 

If ht{uj) = Vt{uj) for V X P-a.e. {t,uj), then ht is an H-valued continuous {.^t)-o.dapted 
process satisfying the following ltd formula for the sguare of the norm: 


( 2 . 10 ) 


11^.111 = 11 ^ 0)111 + 2 


{vs,Vs)Bds + 2 {hs,dhs)H+ [h]t- 


where [h] denotes the guadratic variation process of h. 
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3 Proof of the existence 

a) By Lemma EIU and (j1.2jl . and {d)(Xj"'^)} are bounded in x 

Q X E] u X P X m), where z/(dt) := e“*dt. Hence there exist a subsequence —>■ cx) and 
processes U,V ^ x x E;u X P X m) such that 

(3.1) ^ U, ^ V weakly in x Q x E; u x P x m). 

Moreover, by Lemma f2.lL we may also assume that 

(3.2) ^ X weakly in X 0, X E; u X P X m). 

E.g. by 0 Chap. 3, § 7] we may also assume that the Cesaro means of the sequences in 
(EH) converge strongly in xflxE; v x P x m) so the limits have ^(M+) ® 

^ ® .^-measurable versions. Furthermore, as continuous processes the approximants are 
all progressively measurable as Lh+^)/''(m)-valued processes, hence so are their limits. In 
particular, these are adapted. The same holds for the sequence in dH respectively its 
limit with (r + l)/r replaced by r + 1. Below we always consider versions of U, V, X with 
all these measurability properties and denote them by the same symbols. Since for f > 0 

m(Xi^”'=^ej) = {Xo, d) + f {m(T(Xf"'=^)Lej) + m(ei<l>(Xf'''“))}ds + QiPl, I < i < Uk, 

Jo 

it follows from (EH and (EH that, for any real-valued bounded measurable process <p, 
V9tm(Xtej)i/(dt) = ^ j <^t|(^o,e*) + j {m{UsLei) + m(Kei)}ds qiBl^u{dt) 
for all T > 0. Thus, 

(3.3) m(Xtej) = {Xo,ei) + f m{UsLei + 14ei)ds qiBl, for u x P-a.e. {t,uj),i > 1. 

Jo 

b) To apply Theorem 12.2L let 

Vg := LUg P JVg. 

By (EH, Lemma I2.1L Proposition Ll.lL and Corollary L1.2L we have E ||us||B/ds < cx) for 
any T > 0. So, we see that in Theorem L2.2L conditions (i), (ii) with v = X and also 
(hi) with h := QW are satisfied and by Proposition LI . 1 L aud Corollary EH (EH with Ci 
replaced by X~^ei implies 



¥{Xt,ei)M = w{Xo,ei)M+ / w{vsXi)n ds + w{QWt,ei)n, i > 1, for z/x P-a.e. (t,a;). 
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Hence defining 


( 3 . 4 ) 

we see that 




Xq + / Vsds + QWt, 


t > 0 


(3.5) X = X p X P-a.e. 

Therefore, by Theorem 12.2L X is an P-valued continuous (^t)-adapted process and (I2.1()j) 
holds with X replacing h. Therefore, to prove that X solves (ini), by Proposition II.II and 
Corollary 11.21 it suffices to show that 

(3.6) m[ei[Vs - AjP^]) = m(ei[<l>(Xj - AiT(Xs)]), i > 1, for i/ x P-a.e. {s,uj). 

This will be proved by the following two steps. 


c) We claim that for any ijj : M_|_ —M_|_ bounded, Borel measurable with compact 
support. 


( 3 , 7 ) 


limitif / i;'(()E||y”‘’||5,d( > / i;'(()E||A',|||,d(, 

k^oo n In 


Since > X weakly in L^(M+ x Vt x E]v x P x m), by Patou’s lemma we have 

poo QQ poo 

/ V’(f)E||Xi||^dt = ^ A"^E / 'ip{t)m{eiXtf‘dt 

Jo Jo 

OO 

= A“^ lim E / ip(t)in(eiXj:"''^^)in{eiXt)dt 

“ fc^oo Jo 


2=1 


1 ^ \ ^ 

< - A“Miminf E / '0(t)m(ejXi”*’Vdt 

^ k^oo 


2=1 


^AXe / 'ijj{t)m{eiXt)‘^dt 


2 = 1 


<AliminfE/ ?/^(t)||xf”''^|||dt + ^E / V’WllXj^df. 

2 Jo ^ Jo 

Since X G L^(M+ x Vt x E]P x P x m) so that ip{t)E,\\Xt\\ffdt < oo, this implies (13.7j) 
immediately. 
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d) By fj2.1()|l in Theorem 12.2L (II.5j) and m we have 

pt ^ 

(3.8) nXtWl = E||Xo||^ - 2 / E(m(Xt/.) + m(L-'(X,)K))ds + 

Jo i=i 

On the other hand, by Ito’s formula, 

rt n 

(3.9) E||y">|||,=E||X„||5,-2E / m(Xi")>l<(Xi“>)+L-‘(y">)<l>(Jfi”>))ds+EW?«. 


i=l 


Then for any cp G x x E; u x P x m), we obtain from (j1.2jl . (j1.3jl and (j3.9jl 

that 


(3.10) 


0 < 4(f) := 2E - 99 ,] [T(X(-'=)) - vl/((^,)] 

+ L-i(X^'=) - yp,) [$(Xi’^'=)) - $(g94])ds 
= 2 E^ + L-^(Ai:f”'=))$(Xf"'=)))ds 

- 2E ^ 111 ( 99 , [T(Xi"'')) - ^{ip,)] + X("'“)T(( 9 ^,) 

+ L-i(Xi’^'=))$(99,) + L-\^,) [<l>(Xi’^'=)) - «f>(99,)])d5 

rik 

= -nxp-'fH + iidfoiit + 4 v‘9?* 

- 2E / m(v>4>I'(V<”*>) - '!’(»>,)] + 


Since \1/(X(”'=)) —> U and <h(X("'=)) —> V weakly in x Vt x E]v x P x m) and 

XOfc) _> X weakly in L''+^(M+ x x E, u x P x m), for any -0 : M+ —> M+, bounded, 
Borel-measurable with compact support, we obtain from (IXTUD and (EH) that 


0 < 


-E||Xj| + E||Xo 


|2 

\h 




2 = 1 


2E f in(^p>s[Us-'^ip>s)]+Xs'^ip>s) + L-\XsM^s) + L-\p>s)[Vs-^^s)])dsy 


Combining this with (EHl) we arrive at 


(3.11) 0< f ij{t)dtE f m([X,-v9,][f/,-T((p,)] +L-i(X-99,)[C,-<h(99,)])ds. 
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By first taking (fs '■= Xs — eips^i for given £ > 0 and ip G L°°(M+ x f2;z/ x P), then 
dividing by e and letting £ —> 0, we obtain from the continuity of <h, \1/ and the dominated 
convergence theorem, which is valid due to oi), (Q and because X E cxo) x 

X P; z/ X P X m), that 

POO Pt 

/ mdtE / - Ari(K - $(X))])ds > 0. 

Jo Jo 

Since ^|J : M+^R+ bounded, Borel-measurable with compact support, and (p E L°°(M+ x 
X P) are arbitrary, this implies (jd.tHl . 


4 Proof of the other assertions 


a) Proofs of the uniqueness, (nm, (mn) and (innD. 

(fTTUl) is an immediate consequence of (1231) and dSH), since X is P-a.e. continuous in t. 
Let X and Y be solutions of (HD). Then by dUl) P ■.= X — Y solves the equation 

pt - - 


Zt — Zq + 


L(T(X0 - T(Fi)) + J(d>(Xi) - $(y;)) 


dt. 


t > 0. 


JO 

Tims, by Theorem 12.21 with h = 0, (jl.bjl . and hnally by p.2|l . (jl.djl . we obtain 
(4.1) 

\\Zt\\H = \\Zo\\h-‘^J^ m([X,-y;][T(X,)-T(n)]+L-i(X,-n)[$(X,)-<h(n)])ds < 0. 

If Xq = Yq, this implies Zt = 0 for all t > 0. By a slight modihcation of a standard 
argument one obtains as usual that the uniqueness also implies the stated Markov property 
and hence the semigroup property of P*. The strong Markov property then follows from 
the Feller property of Pt proved below, since all solutions of (HH) have continuous sample 
paths in H. 

Similarly to dni), we have for 0 < s < t that 

IIX - - ||X. - Y.Wl 


(4.2) 


< -2 


{(CT - i)||X„ - + {r,- 9)||Jf„ - y„|IS}dt,. 


Noting that a > 6,7] > 6, \\ ■ II 2 > Ai|| ■ \\jj, || ■ and that for £ > 0 

the function he,t '■= + \\Xs — + (r — l){ri — t > s, 

solves for s > 0 hxed the equation 

(4.3) = t>s(>0), ho = {\\X, - Y,\\h + ef 


due to the same comparison argument as in the proof of Lemma 12.11 it follows that 
ll^t “ ZtWit — ^e,t X/ t > s. Letting e ^ 0 this implies (jl.llj) and the Feller property of 
Pt- By p.lOj) it follows that Pt\F\{x) < 00 for all Lipschitz continuous P : P —> M. Now 
(frT21) is obvious by dnn). 
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b) Proof of (3). 

Let do be the Dirac measure at 0 G -ff. Set 

1 r 

IJ‘n-=- / doPtdt, n>l. 
n Jo 

We intend to show the tightness of {fin}- Then by the Feller property of Pt the weak limit 
of a subsequence provides an invariant probability measure of Pt. By Lemma [O] and the 
weak convergence of X to X, we have 

[ m(|xp)/in(dx) = - [ Em(|Xt(0)|^)dt < C 
Jh n Jo 

for some constant C > 0 and all n > 1, where we set m(|a;p) = cxd if x ^ L^(m). Since 
the function x i—^ m(|xp) is compact, that is, {x G iL : m(|a;p) < r} is relatively compact 
in H for any r > 0, we conclude that {fin} is tight. 

Next, let fi be an invariant probability measure. For any bounded Lipschiz function 
F on H, p.llj) implies that there exists C > 0 such that 


\PtF{x) - fi{F)\ < [ E\F{Xt{x)) - F{Xt{y))\fi{dy) < C.^{F)t-^dr-i) 

Jh 

for all X G i/, f > 0. Thus, fjl.l3|l holds and hence Pt has a unique invariant measure. 

Let fi be the invariant probability measure of Pt. It remains to show that /i(|| ■ H^+i) < 

CX). 

By fll.lOj] . since fi is Pfinvariant, we have 


(4.4) 


|x||^/i(dx) = / E||Xi(x)||^ fi{dx) < 2C < oo. 


! H 


Next, since X is the weak limit of in L'’+^([0, cxd) x Vt x E]v x P x m), by Holder’s 
inequality we have 


Em(|Xi(x)r+^)dt= lim / Em(xi"'=^(|Xt|’'sgn(W)))dt 

k—foo ' 


< lim inf 

k^oo 


Em(|xf''^r+^)df 


l/(r+l) 


Em(|Wr+^)df 


r/(r+l) 


Therefore, by o, for some Ci > 0 


Em(|W(x)r+^)df < C'i(l + ||x||^), xeH. 


Then by (Q we obtain 


hdl ■ llrii) = / h(da^) / Em(|Xt(x)|'’+^)dt < cx). 


r+l^ 


' H 
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c) Exponential ergodicity, i.e. proof of (4). 

If a > 5 then ()4.2D implies 

- YtWl < ll^s - f > s > 0. 

So. p.l4D holds. Combining this with (mn) we arrive at 

- Ei+illl < ||Xi - Y,\\le-^Y-s)t < t > 0. 

This implies flTTT^ and (ll.lti|l immediately. □ 
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